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Abstract. I present the exact solution of a family of fragmented Bose-Hubbard
models and represent the models as graphs in one-dimension, two-dimensions and
three-dimensions with the condensates in the vertices. The models are solved by the
algebraic Bethe ansatz method.
1. Introduction
The realization of Bose-Einstein condensates (BEC) [1, 2], achieved by taking dilute
alkali gases to ultra low temperatures [3–8] is certainly among the most exciting recent
experimental achievements in physics. Since then, investigations dedicated to the
comprehension of new phenomena associated to this state of matter as well as its
properties have flourished, either in the experimental or theoretical domains. The
fast increasing of the control and production of Bose-Einstein condensates (BECs)
in different geometries has permitted the study of these systems in different physical
situations. The fragmentation of a BEC to produce a Josephson junction [9, 10] using
BECs opened the possibility to study the quantum tunnelling of the atoms across
a barrier between the condensates [11–15]. Using superposition of light in different
direction is possible to create any arbitrary trapping configuration as for example a
ring or a superconducting quantum interference devices (SQUID) with an atom BEC
[16, 17]. Another experimental realization of fragmentation of BECs is the two-legs
bosonic ladder to study chiral current and Meissner effect [18, 19]. There is also the
possibility to produce optical lattices in one-dimension (1D), two-dimensions (2D) and
three-dimensions (3D) using one, two or three orthogonal standing waves [20]. These
experimental realisations have opened the possibility to introduce new models that
permit the study of the tunnelling of the atoms between the BECs. Some of these
models are exactly solvable by the algebraic Bethe ansatz method [21–37] and this
open the possibility to take in account quantum fluctuations that allows us go beyond
the results obtained by mean field approximations. This fruitful approach can furnish
some new insights in this area, and contribute as well to the increasingly interesting
field of integrable systems itself [38–41]. The algebraic formulation of the Bethe
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ansatz, and the associated quantum inverse scattering method (QISM), was primarily
developed in [42–46]. The QISM has been used to unveil properties of a considerable
number of solvable systems, such as, one-dimensional spin chains, quantum field theory
of one-dimensional interacting bosons [47] and fermions [48], two-dimensional lattice
models [49], systems of strongly correlated electrons [50,51], conformal field theory [52],
integrable systems in high energy physics [53–58] and quantum algebras (deformations of
universal enveloping algebras of Lie algebras) [59–62]. For a pedagogical and historical
review see [63]. More recently solvable models have also showed up in relation to string
theories (see for instance [64]). Remarkably it is important to mention that exactly
solvable models are recently finding their way into the lab, mainly in the context of
ultracold atoms [40] but also in nuclear magnetic resonance (NMR) experiments [65–72]
turning its study as well as the derivation of new models an even more fascinating field.
I am considering here the bosonic multi-states Lax operator introduced by the
author in [34] that permits to solve a family of models of fragmented BECs coupled by
Josephson tunnelling. This Lax operator is a generalization of the bosonic Lax operator
in [25, 73], where a Lax operator is defined for a single canonical boson operator, but
instead of a single operator we choose a linear combination of independent canonical
boson operators.
The paper is organized as follows. In section 2, I will review briefly the algebraic
Bethe ansatz method and present the Lax operators and the transfer matrix for both
models. In section 3, I present a generalized model with a family of models of fragmented
BECs coupled by Josephson tunnelling and show their solutions. In section 4, I
summarize the results.
2. Algebraic Bethe ansatz method
In this section we will shortly review the algebraic Bethe ansatz method and present
the transfer matrix used to get the solution of the models [21, 24]. We begin with the
gl(2)-invariant R-matrix, depending on the spectral parameter u,
R(u) =


1 0 0 0
0 b(u) c(u) 0
0 c(u) b(u) 0
0 0 0 1

 , (1)
with b(u) = u/(u+ η), c(u) = η/(u+ η) and b(u) + c(u) = 1. Above, η is an arbitrary
parameter, to be chosen later.
It is easy to check that R(u) satisfies the Yang-Baxter equation
R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v), (2)
where Rjk(u) denotes the matrix acting non-trivially on the j-th and the k-th spaces
and as the identity on the remaining space.
The exact solution of a generalized Bose-Hubbard model 3
Next we define the monodromy matrix Tˆ (u),
Tˆ (u) =
(
Aˆ(u) Bˆ(u)
Cˆ(u) Dˆ(u)
)
, (3)
such that the Yang-Baxter algebra is satisfied
R12(u− v)Tˆ1(u)Tˆ2(v) = Tˆ2(v)Tˆ1(u)R12(u− v). (4)
In what follows we will choose a realization for the monodromy matrix π(Tˆ (u)) = Lˆ(u) to
obtain solutions of a family of models for multilevel two-well Bose-Einstein condensates.
In this construction, the Lax operators Lˆ(u) have to satisfy the relation
R12(u− v)Lˆ1(u)Lˆ2(v) = Lˆ2(v)Lˆ1(u)R12(u− v). (5)
Then, defining the transfer matrix, as usual, through
tˆ(u) = tr π(Tˆ (u)) = π(Aˆ(u) + Dˆ(u)), (6)
it follows from (4) that the transfer matrix commutes for different values of the spectral
parameter; i. e.,
[tˆ(u), tˆ(v)] = 0, ∀ u, v. (7)
Consequently, the models derived from this transfer matrix will be integrable. Another
consequence is that the coefficients Cˆk in the transfer matrix tˆ(u),
tˆ(u) =
∑
k
Cˆku
k, (8)
are conserved quantities or simply c-numbers, with
[Cˆj , Cˆk] = 0, ∀ j, k. (9)
If the transfer matrix tˆ(u) is a polynomial function in u, with k ≥ 0, it is easy to
see that,
Cˆ0 = tˆ(0) and Cˆk =
1
k!
dktˆ(u)
duk
∣∣∣∣∣
u=0
. (10)
For the standard bosonic operators satisfying the canonical commutation relations
[pˆ†i , qˆ
†
j ] = [pˆi, qˆj] = 0, [pˆi, qˆ
†
j ] = δpqδij Iˆ , (11)
[Nˆpi, qˆ
†
j ] = +pˆ
†
jδpqδij , [Nˆpi, qˆj ] = −pˆjδpqδij, (12)
with p, q = a or b, i = 1, . . . , n and j = 1, . . . , m, we have the following Lax operators,
LˆΣ
n
a (u) =
(
uIˆ + η
∑n
j=1 Nˆaj
∑n
j=1 taj aˆj∑n
j=1 saj aˆ
†
j η
−1ζaIˆ
)
, (13)
and
LˆΣ
m
b (u) =
(
uIˆ + η
∑m
k=1 Nˆbk
∑m
k=1 tbk bˆk∑m
k=1 sbk bˆ
†
k η
−1ζbIˆ
)
, (14)
if the conditions, ζa =
∑n
j=1 sajtaj and ζb =
∑n
k=1 sbjtbj , are satisfied. The above Lax
operators satisfy the equation (5).
The exact solution of a generalized Bose-Hubbard model 4
3. The Generalized Model
In this section I present some applications of the Lax operators (13) and (14) for models
with different number of BECs a and b. The generalized Hamiltonian is,
Hˆ =
n∑
j=1
UajajNˆ
2
aj +
m∑
k=1
UbkbkNˆ
2
bk +
1
2
n∑
j=1
n∑
k=1(j 6=k)
UajakNˆajNˆak
+
1
2
m∑
j=1
m∑
k=1(j 6=k)
UbjbkNˆbjNˆbk
+
n∑
j=1
m∑
k=1
UajbkNˆajNˆbk −
n∑
j=1
m∑
k=1
µajbk(Nˆaj − Nˆbk)
+
n∑
j=1
ǫajNˆaj +
m∑
k=1
ǫbkNˆbk −
n∑
j=1
m∑
k=1
Jajbk(aˆ
†
j bˆk + bˆ
†
kaˆj). (15)
The parameters, Upjqk, describe the atom-atom S-wave scattering between the atoms in
the respective BECs, the µajbk parameters are the relative external potentials between
the BECs and ǫpj are the energies in the BECs. The parameters Jajbk are the tunnelling
amplitudes. The operators Npj are the number of atoms operators. The labels p and q
stand for the BECs a and b with j = 1, . . . , n and k = 1, . . . , m. We just remark that
Upjpk = Upkpj. The BECs are coupled by Josephson tunnelling and the total number of
atoms, Nˆ =
∑n
j=1 Nˆaj +
∑m
k=1 Nˆbk, is a conserved quantity, [Hˆ, Nˆ ] = 0.
The state space is spanned by the base {|na1, . . . , nan, nb1, . . . , nbm〉} and we can
write each vector state as
|na1, . . . , nan, nb1, . . . , nbm〉 =
1√∏n
j=1 naj !
∏m
k=1 nbk!
n∏
j=1
(aˆ†j)
naj
m∏
k=1
(bˆ†k)
nbj |0〉,
(16)
where |0〉 = |0a1, . . . , 0an, 0b1, . . . , 0bm〉 is the vacuum vector state in the Fock space. We
can use the states (16) to write the matrix representation of the Hamiltonian (15). The
dimension of the space increase very fast when we increase N ,
d =
(n+m− 1 +N)!
(n+m− 1)!N !
,
where n+m is the total number of BECs in the system and N is a constant c-number,
N =
∑n
j=1 naj +
∑m
k=1 nbk. In the case where we have only two BECs [30] (one a1 and
one b1) the dimension is d = N + 1. In the Figs. (1) and (2) we show some graphs
for different values of n and m. The balls with their respective labels are representing
the condensates and the tubes are representing the tunnelling of the atoms between the
respective condensates.
Now we use the co-multiplication property of the Lax operators to write,
Lˆ(u) = Lˆ
Σna
1 (u+
n∑
j=1
ωaj)Lˆ
Σm
b
2 (u−
m∑
k=1
ωbk). (17)
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(a) (b)
(c) (d)
(e) (f)
Figure 1. In (a) we have n = 1 and m = 1, in (b) we have n = 2 and m = 1, in (c)
n = 2 and m = 2, in (d) we have n = 2 and m = 3, in (e) we have n = 3 and m = 3,
in (f) n = 3 and m = 4.
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(g) (h)
(i) (j)
Figure 2. In (g) we have n = 6 and m = 1, in (h) we have n = 4 and m = 4, in (i)
n = 4 and m = 5, in (j) we have n = 5 and m = 5.
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Following the monodromy matrix (3) we can write the operators,
π(Aˆ(u)) =

uIˆ + Iˆ n∑
j=1
ωaj + η
n∑
j=1
Nˆaj

(uIˆ − Iˆ m∑
k=1
ωbk + η
m∑
k=1
Nˆbk
)
+
n∑
j=1
m∑
k=1
tajsbk bˆ
†
kaˆj , (18)
π(Bˆ(u)) =

uIˆ + Iˆ n∑
j=1
ωaj + η
n∑
j=1
Nˆaj


(
m∑
k=1
tbk bˆk
)
+ η−1ζb
n∑
j=1
taj aˆj , (19)
π(Cˆ(u)) =

 n∑
j=1
saj aˆ
†
j


(
uIˆ − Iˆ
m∑
k=1
ωbk + η
m∑
k=1
Nˆbk
)
+ η−1ζa
m∑
k=1
sbk bˆ
†
k, (20)
π(Dˆ(u)) =
n∑
j=1
m∑
k=1
sajtbkaˆ
†
j bˆk + η
−2ζaζbIˆ . (21)
Taking the trace of the operator (17) we get the transfer matrix
tˆ(u) = u2Iˆ + uIˆ

 n∑
j=1
ωaj −
m∑
k=1
ωbk

+ uηNˆ +

η−2ζaζb − n∑
j=1
m∑
k=1
ωajωbk

 Iˆ
− η

 m∑
k=1
n∑
j=1
ωbkNˆaj −
n∑
j=1
m∑
k=1
ωajNˆbk

+ η2 n∑
j=1
m∑
k=1
NˆajNˆbk
+
n∑
j=1
m∑
k=1
(sajtbkaˆ
†
j bˆk + sbktaj bˆ
†
kaˆj). (22)
From (10) we identify the conserved quantities of the transfer matrix (22),
Cˆ0 =

η−2ζaζb − n∑
j=1
m∑
k=1
ωajωbk

 Iˆ
− η

 m∑
k=1
n∑
j=1
ωbkNˆaj −
n∑
j=1
m∑
k=1
ωajNˆbk

+ η2 n∑
j=1
m∑
k=1
NˆajNˆbk
+
n∑
j=1
m∑
k=1
(sajtbkaˆ
†
j bˆk + sbktaj bˆ
†
kaˆj), (23)
Cˆ1 = Iˆ

 n∑
j=1
ωaj −
m∑
k=1
ωbk

+ ηNˆ , (24)
Cˆ2 = Iˆ . (25)
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We can rewrite the Hamiltonian (15) using these conserved quantities
Hˆ = ξ0Cˆ0 + ξ1Cˆ
2
1 + ξ2Cˆ2, (26)
with the following identification for the parameters
ξ2 = − ξ0
(
η−2ζaζb − ω
nm
ab
)
− ξ1∆ω
2
ab, (27)
∆ωab =
n∑
j=1
ωaj −
m∑
k=1
ωbk, (28)
ωnmab =
n∑
j=1
m∑
k=1
ωajωbk, (29)
Uajbk = η
2(ξ0 + 2ξ1), Uajak = Ubjbk = η
2ξ1, (30)
ǫaj −
m∑
k=1
µajbk = 2ηξ1∆ωab − ηξ0
m∑
k=1
ωbk, (31)
ǫbk +
n∑
j=1
µajbk = 2ηξ1∆ωab + ηξ0
n∑
j=1
ωaj , (32)
Jajbk = −ξ0tajsbk = −ξ0sajtbk. (33)
The Hamiltonian (15) is related with the transfer matrix (22) by the equation,
Hˆ = ξ0tˆ(u) + ξ1Cˆ
2
1 − ξ0Cˆ1u− (ξ0u
2 − ξ2)Cˆ2. (34)
We use as pseudo-vacuum the product state,
|0〉 =

 n⊗
j=1
|0〉aj

⊗
(
m⊗
k=1
|0〉bk
)
, (35)
with |0〉aj denoting the Fock vacuum state for the BECs aj and |0〉bk denoting the Fock
vacuum state for the BECs bk, for j = 1, . . . , n and k = 1 . . . , m. For this pseudo-
vacuum we can apply the algebraic Bethe ansatz method in order to find the Bethe
ansatz equations (BAEs),
v2i + vi∆ωab − ω
nm
ab
η−2ζaζb
=
N∏
j 6=i
vi − vj − η
vi − vj + η
, i, j = 1, . . . , N.
(36)
The eigenvectors [37] {|v1, v2, . . . , vN〉} of the Hamiltonian (15) or (26) and of the
transfer matrix (22) are
|~v〉 ≡ |v1, v2, . . . , vN〉 =
N∏
i=1
π(Cˆ(vi))|0〉, (37)
and the eigenvalues of the Hamiltonian (15) or (26) are,
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E({vi}) = ξ0
(
u2 + u∆ωab − ω
nm
ab
) N∏
i=1
vi − u+ η
vi − u
+ ξ0η
−2ζaζb
N∏
i=1
vi − u− η
vi − u
+ ξ1C
2
1 − ξ0C1u− ξ0u
2 + ξ2, (38)
where the {vi} are solutions of the BAEs (36) and N is the total number of atoms. We
can choose arbitrarily the spectral parameter u.
Choosing
Jajbk
ξ0
= −η, for example, we can write the BAEs (36) in the limit η → 0
as just one equation
N∑
i=1
(
vi +
1
2
∆ωab
)2
= R2N ,
(39)
with
RN =
√(
1
4
∆ω2ab + ω
nm
ab + n×m
)
N. (40)
If the Bethe roots {vi} are real numbers, the BAE (39) is the equation of aN -dimensional
sphere of radii RN and center in
vi = −
1
2
∆ωab, ∀ i = 1, . . . , N. (41)
In this limit and with u = 0 we can write the eigenvalues as
E({vi}) = ξ1
(
C21 −∆ω
2
ab
)
− ηξ0 (n×m+ ω
nm
ab )
N∑
i=1
1
vi
. (42)
4. Summary
I have solved a family of fragmented Bose-Hubbard models using the multi-states boson
Lax operators introduced by the author in [34]. These models can be considered as
graphs, with the BECs in the vertices and the edge representing the tunnelling between
the respective BECs. The graphs can appear in one-dimension (1D), two-dimension
(2D) and in three-dimension (3D). When we increase the number of BECs we get a ring
of BECs a and a chain of BECs b in the center of the ring. We can consider the BECs
identical or different. I have showed that in the limit η → 0, if the Bethe roots are all
real numbers, they are on a N -dimensional sphere.
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